Based on the non-autonomous quantum master equation, we investigate the dissipative and decoherence properties of the two-level atom system interacting with the environment of thermal quantum radiation fields. For this system, by a novel algebraic dynamic method, the dynamical symmetry of the system is found, the quantum master equation is converted into a Schrödinger-like equation and the non-Hermitian rate (quantum Liouville) operator of the master equation is expressed as a linear function of the dynamical u(2) generators. Furthermore, the integrability of the non-autonomous master equation has been proved for the first time. Based on the time-dependent analytical solutions, the asymptotic behavior of the solution has been examined and the approach to the equilibrium state has been proved. Finally, we have studied the decoherence property of the multiple two-level atom system coupled to the thermal radiation fields, which are related to the quantum register.
The paper is organized as follows. In Sect. II, the model Hamiltonian of the system is given and the master equation for the reduced density matrix of the atom is described. In Sect. III, the dynamical u(2) algebraic structure of the Liouville or rate operator of the master equation is found by introducing the new composite algebras which are constructed from the right and left representations of the relevant algebras, and the dynamical symmetry of the system is established and the integrability of the master equation is thus proved by using the algebraic dynamical theorem [19] . Sect. IV is devoted to the analytical solutions of the master equation for the non-autonomous case where the parameters of the rate operator (or Hamiltonian)are dependent on time, and the approach to the steady solution asymptotically is thus proved. In Sect. V, the dissipation and decoherence of the multiple two-level atom systems are investigated for the non-autonomous case. Discussions and conclusions are given in the final section.
II. DISSIPATIVE TWO-LEVEL ATOM SYSTEM IN NON-AUTONOMOUS CASE
Consider the two-level atom interacting with a thermal quantum radiation field. With the dipole interaction and in the rotating wave approximation, the total system is described by the following model Hamiltonian,
whereĤ bath = kh ω k b + k b k describing the background quantum radiation field,Λ = k g k b k is an operator used to describe the coupling between the atom and the radiation field with coupling constants g k . Here ω 0 and ω k are the transition frequency between two levels of the atom and the mode frequencies of the radiation field, respectively. σ + , σ − , and σ z are dimensionless atomic operators obeying the usual Pauli matrix commutation relations [23] . Using the standard technique from quantum optics, one obtains the master equation for the reduced density matrix of the atom [4] dρ(t) dt = − i 2 ω 0 [σ z ,ρ(t)] − γ 2 (n 0 + 1) (σ + σ −ρ (t) +ρ(t)σ + σ − − 2σ −ρ (t)σ + )
wheren 0 is the mean number of photons in the environment and γ denotes the damping rate. They read
Here the term which gives rise to a small Lamb frequency shift ∆ω has been neglected. Equation (2) describes an atom interacting with a thermal field at the temperature T . If T = 0, thenn 0 = 0. In the autonomous case, the system has been studied very well. However, it is also interesting to control the system through changing the temperature of the thermal bath, the atomic energy level and the coupling constant. In this case, the parameters of the rate operator γ,n 0 , and ω 0 are time-dependent, and the system becomes nonautonomous. More basically, even if the total Hamiltonian of the composite system-the system to be investigated plus the environment, is autonomous, the master equation of the reduced density matrix of the investigated system still becomes non-autonomous under the non-Markovian dynamics [24] . Therefore, the quantum master equation of the reduced density matrix, in general and more rigorously, should be non-autonomous in the sense that its parameters should be time-dependent. To our knowledge, the problem of the non-autonomous systems has not been solved till now. Therefore, in the present paper it is our main goal to solve the problem of the non-autonomous case for the two-level system. In the next section we first study the algebraic structure of the master equation(2) and explore its dynamical symmetry.
III. ALGEBRAIC STRUCTURE OF THE MASTER EQUATION

A. Right and left algebras in the von Neumann space
Following the idea of Ref. [22] , the right and left algebras are introduced. First, one notices that the density matrix ρ is a super vector in the von Neumann space [20] ,
where |s denotes the Fermion state. The σ + , σ − , and σ z can operate on the ket state |s to the right and on the bra state s| to the left, which form the right and left representations of the usual su(2) algebra as follows [20] su(2) R : {σ
They obey the commutation relations respectively as follows,
It is evident that su(2) R is isomorphic to the su(2), while su(2) L is anti-isomorphic to the su(2). This is because that su(2) R operates, as usual, towards the right on |s . On the other hand, the su(2) L operates towards the left on s|.
Since su(2) R and su(2) L operate on different spaces(the ket and the bra spaces), they commute each other, i.e.
[su(2) L , su(2) R ] = 0.
B. Composite algebra and algebraic structure of the master equation
After having introduced the left and right algebras in Eqs. (5), one can construct the composite su(2) and u(1) algebras as follows,
According to Eqs. (6) it is easy to check the following commutation relations
The action of the composite su(2) and u(1) algebras on the bases of von-Neumann space iŝ
where s and s ′ are equal to -1 or +1. Noticing the following identities
and the composite algebra Eqs. (8) introduced above, the master equation(2) can be rewritten as
where the rate operatorΓ readŝ
The master equation (12) is now put into a form similar to the time-dependent Schrödinger equation except that the imaginary number "i" is missing from the left hand side and the rate operatorΓ is non-Hermitian, indicating the dissipative behavior of the system due to the energy exchange with the thermal bath. In Eq. (12), the rate operator Γ plays the role of the Hamiltonian and the reduced density matrix plays the role of the wave function. Since the rate operatorΓ is a linear function of the su(2) ⊕ u(1) generators, the master equation (12) possesses the su(2) ⊕ u(1) dynamical symmetry; it is integrable and can be solved analytically according to the algebraic dynamics [19] .
IV. EXACT SOLUTION TO THE MASTER EQUATION IN NON-AUTONOMOUS CASE A. Eigensolutions of the rate operatorsΓ
In order to better understand the time-dependent solution of the master equation, its decay behavior and its approach to the equilibrium state, we first consider the steady eigenvalue problem of the rate operatorΓ whose eigensolution itself is interesting and peculiar, and contains the steady equilibrium state. The eigen equation readŝ
where β(s, s ′ ) is the eigenvalue of the rate operatorΓ and (s, s ′ ) label the eigenstates in the von Neumann space. This eigenvalue equation is time-independent and can be solved by introducing the following similarity transformation
Here α ± are the parameters specifying the similarity transformation. After some calculations, one has the transformed eigenvalue equation as follows,Γρ
where the transformed rate operatorΓ is diagonalized and becomes a linear combination of the commuting invariant operatorsĴ 0 andÛ 0 which dictate the dynamical symmetry of the system,
if the following diagonalization conditions are fulfilled
The eigenvectors ofΓ are the common solutions ofĴ 0 andÛ 0 , just the form of |s s ′ | with s and s ′ = ±1. Eqs. (19) have two sets of solutions, which yield two sets of eigenvalues β(s, s ′ ) for the rate operator
At first glance, it is surprising that two similarity transformations exist to diagonalize the same rate operator and to yield two sets of eigenvalues. This is in contrast to the diagonalization of a Hamiltonian where the unitary transformation to diagonalize the Hamiltonian is usually unique and the set of the eigensolutions is also unique. The peculiar results stem from the special structure of the rate operator (13): (1) it contains a part(from the second to the forth terms) which is a vector in the linear space spanned by the su(2) generators(Ĵ + ,Ĵ − ,Ĵ 0 ), and allows two transformations to rotate this part of vector along theĴ 0 and −Ĵ 0 directions; (2) the last term of the rate operator is a constant term which is a scalar in the su(2) space and make above two diagonalizing transformation asymmetric. The above two features result in two similarity transformations [22] . However, as will be seen soon, after returning to the physical frame by the inverse transformations, the two sets of eigensolutions coincide. This means that the physical results are objective, independent of the similarity transformations used. It is interesting to note that both solution (a) and (b) contain the zero-mode steady solution and the nonzero-mode decaying solutions( with negative eigenvalues ), which guarantee that any time-dependent solution of the reduced density matrix asymptotically approaches the steady solution as shown below.
Performing an inverse transformation, the eigensolutions of the rate operator is obtained readily
Explicitly, both (a) and (b) solutions lead to the same physical eigensolutions.
where the first line of Eqs. (22) is the zero-mode solution corresponding to the steady state. Another feature of the rate operator is its non-Hermiticity, i.e.,Γ † =Γ, which is evident fromĴ †
SinceΓ is non-Hermitian, the eigenvectors ofΓ andΓ † constitute a bi-orthogonal basis [25] .
Using a similarity transformationÛ ′ = e −α+Ĵ− e −α−Ĵ+ and under the conditions of Eq. (19), diagonalization of the operatorΓ † can be obtained as follows
In a similar way, we get the eigensolutions ofΓ † .
where β * j andρ j are the eigenvalues and eigenvectors of the operatorΓ † . It is can be checked that Eqs. (22) and Eqs. Since Eq. (13) is a linear combination of the generators of the composite algebra, the master equation Eq. (12) possesses the su(2)⊕u(1) dynamical symmetry and is thus integrable, solvable analytically even in the non-autonomous case [19] .
The master equation in the non-autonomous case can be solved by algebraic dynamical method via the following time-dependent gauge transformation which is a generalization of time-independent similarity transformations in the autonomous case to the non-autonomous case ( the terminology of gauge transformation is due to the fact that it induces a gauge term in the rate operator similar to the gauge field theory),
After the gauge transformation and under the following gauge conditions
the gauged rate operator is diagonalized and the gauged master equation becomes simple and integrable,
which is a linear function of the complete set of the commuting operators (invariant operators)Û 0 andĴ 0 , and clearly shows a u(2) dynamical symmetry. The solution of Eqs. (27) reads
For the initial conditions
or , we finally obtain the solution,
Once the reduced density matrix of the non-autonomous system is obtained, the averages of the physical observables σ z , σ + , and σ + can be calculated. For the system initially in a pure state, we have ρ(0) = |µ| 2 |1 1| + |ν| 2 | − 1 −1| + µν * |1 −1| + µ * ν| − 1 1|, where |µ| 2 + |ν| 2 = 1. Then one obtains
where
From Eq. (31), we get
For the autonomous case,n 0 and γ are independent of time, α + and α − have the following analytical solutions,
Then
Inserting Eqs. (34) and Eqs. (35) into Eqs. (33), we recover the well-known results for the autonomous system.
C. Approaching the steady solution
Like the autonomous case, the time-dependent solutions of the master equation in the non-autonomous case also asymptotically approaches the steady solution satisfying
which has the same solution as the zero-mode eigensolutions ofΓ , namely the steady solutions with the parameters α + and α − obeying
whose solutions are obviously the same as Eqs. (19) and should have the two same sets of solutions (a) and (b) as given in Eqs. (20) . For the autonomous case, the two similarity transformations as tools to diagonalize the rate operator are on the equal footing and generate the same physical solution as proved above; while for the non-autonomous case, the properties of the two sets of solutions of α + and α − should be examined on the background of their time evolution. It is found from the Eq. (26) that if α + = −1 − ǫ,then dα+(t) dt < 0 and α + will go away further from −1 towards negative direction; while as α + = −1 + ǫ, then dα+(t) dt > 0 and α + will go away further from −1 towards positive direction. Thus the steady solution α + = −1 is unstable. Since the solution of α − (t) depends on α + (t), it is also unstable. Therefore the solution (a) is unstable and can not be reached from the initial condition α + = α − = 0. Instead, the solution (b) is partly stable in the following sense. Because the first equation of Eq. (26) reads
It's easy to see that
n0(t)+1 and α + (t) < −1
n0(t)+1 and α + (t) < −1). With the initial condition α + = 0, we see that α + approaches the valuen
asymptotically from zero. However, α − (t) can not reach its steady value −n 0 +1 2n0+1 . To study the asymptotic behavior of α − , we define
The time differential of y (t) is given by b exp t 0 p(τ )dτ where b =α − (t) + α − (t)p(t). Since b −→ γ(n 0 + 1) which is bounded and p(t) is negative for large t, the differential tends to zero and, hence, y (t) is towards a constant. This implies that α − (t) diverges asymptotically. So the unique solution of Eq. (26) has the following asymptotic properties:
Using the above asymptotic relations, one obtains the asymptotic results of the time-dependent solutions as follows
In the above derivation, we have used the following asymptotic relations:
which can be proved by Eq. (26).
The above results indicate that the time-dependent solutions of the master equation in the non-autonomous case also asymptotically approach the steady solution irrespective of their initial conditions, and that the divergent behavior of α − (t) and eq.(37) play an important role in the process of approaching equilibrium state.
V. DECOHERENCE OF MULTIPLE ATOM SYSTEMS
It is straightforward to generalize the above model to N two-level atoms. The problem of the N two-level atoms system is related to the quantum register and the entanglement state in quantum computation [26] . Because of the inevitable coupling of the atoms to the external environment, the entanglement state will lose the coherence among different atomic states and some information carried by the multiple atoms will be lost. Palma et al. has studied the impact of decoherence on the efficiency of the Shor quantum algorithm and the decoherence of quantum register at the two qubit level [27] . However, the solution to the problem in the non-autonomous case is still lacking. The N two-level atoms coupled to the quantum radiation environment can be described by the following model Hamiltonian,
Taking the same procedure and the same approximations as those for the one atom case , the master equation for the N two-level atoms can be obtaineḋ
Here we have assumed that the N two level atoms are identical and coupled to the same environment so that the decay rate γ for different atoms and the mean number of environment photonsn 0 are the same (if they are different, a superscript "k" should be put on each pair of parameters, namely γ k andn k 0 ). We have also set
According to Eq. (30), the density matrix ρ k (t) of the k-th qubit is
whereΓ
As in the last section, the initial density matrix ρ k (0) of each qubit can be expanded in terms of the superbases, . To illuminate the model concretely, we also consider the two qubit system with the initial state in the pure state, namely |ψ(0) = α| + − + β| − + , and
The time-dependent solution of the density matrix is now
where f s,s ′ (t) are the same as given in Eqs. (32). For the autonomous case, γ (t),n 0 (t) and ω 0 (t) are independent of time, and the solutions of α + (t) and α − (t) are determined from Eqs. (26), which are the same as Eqs. (34). Eq. (47) is now reduced to the result for the autonomous case, it reads
The above solution indicates that during the time evolution, the density matrix of the two qubit entanglement state will approach the steady density matrix( the last term in Eq. (48) )and lose its coherence. The characteristic time of the decoherence is τ decoh = 1 γ(2n0+1) .
VI. SUMMARY
In this paper, Based on the quantum master equation, we have investigated the dissipative and decoherence behaviors of the two-level atom system coupled to the environment of thermal quantum radiation fields. The dynamical u(2) algebraic structure of the quantum master equation of the two-level dissipative system in the non-autonomous case is found by virtue of left and right algebras. By the algebraic dynamical method and proper gauge transformations, the analytical solutions to the non-autonomous master equation are obtained and the long time behavior of the system has been examined. Finally we extended the model to the multiple two-level dissipative atom system and its decoherence is studied in terms of the density matrices for the non-autonomous case, which are given analytically and related to quantum register and quantum computation. Since the master equations of a wide class of dissipative quantum systems possess some dynamical algebraic structures, the present method used by us may serve as a useful tool in quantum statistical physics to treat the dissipative and decoherence problems. In addition, the results obtained in this paper may be practically useful for the analysis of the decoherence of the multiple two-level atom systems and quantum register. 
